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Abstract—This work introduces the Fuzzy-System Kernel Ma-
chines — a class of machine learning models based on the
connection between fuzzy inference systems and kernel machines.
For the connection, we observed a relationship between the
Representer Theorem of kernel methods and the functional
representation of non-singleton fuzzy systems (NSFSs). We found
that the non-singleton kernel on fuzzy sets — a kernel defined
in this work — is the core element allowing this two-way
connection perspective. Consequently, a fuzzy system trained with
the kernel method can be regarded as a kernel machine, and vice-
versa a kernel machine trained with a non-singleton kernel on
fuzzy sets can be interpreted as a fuzzy system. We conducted
several experiments in supervised classification to understand
the generalization power and properties of the proposed Fuzzy-
Systems Kernel Machines.

Index Terms—Kernel methods, kernel machines, fuzzy systems,
non-singleton fuzzy systems.

I. INTRODUCTION

FUZZY systems and kernel machines are two important
fields of scientific research that have greatly impacted

not only science but several industrial applications. Fuzzy
systems are learning machines based on fuzzy logic inference.
Their learning process can be done using numerical data (data-
driven) and/or using knowledge in the form of linguistic IF-
THEN rules (knowledge-driven) [1]. On the other hand, the
kernel method [2]–[4] is an approach for machine learning
based on two parts: 1) a mapping defined by a kernel function
that embeds the data into a feature space, and; 2) an algo-
rithm defined on this feature space. Machine learning models
based on the kernel method are known as kernel machines.
Table I depicts a side-by-side comparison of relevant concepts
between fuzzy systems and kernel methods. We explain each
one of these concepts in more detail in Sections II and III.

In this paper, we provide the first step to research the
connections between fuzzy systems and kernel machines, so
as to discover how they both can benefit from each other. A
direct consequence of this two-way connection is that a class
of fuzzy systems can be interpreted as kernel machines and
a class of kernel machines can be understood as being fuzzy
inference systems. The connection will lead to the adoption of
the main properties and advantages of both methods, in both
directions1. Doing this, we conjecture the following benefits
for fuzzy inference systems and kernel machines2.

Benefits for fuzzy systems
• more resistance to the curse of dimensionality
• function approximation with explicit regularization

1An initial version of this work was published in [5].
2Section A in the supplementar material unfolds those claims deeper

TABLE I
GENERAL OVERVIEW OF FUZZY SYSTEMS AND KERNEL METHODS

Fuzzy Inference Systems Kernel Machines

Methods Fuzzy sets and
Fuzzy Logic The kernel method

Input Space Fuzzy sets
String, graphs,
measures, sets,
sequences, etc.

Structure

Fuzzifier,
rules,
inference engine,
defuzzifier

Loss-penalty models
with kernels

Learning

Tuning fuzzy sets parameters,
number of rules,
rule parameters,
T-norm operators

Coefficient estimation
based on the
Representer Theorem

Function
approximation Universal approximator Fuction approximation

in kernel space

Main advantages
Linguistic and
numerical information
for function approximation

Modularity,
no input constraints,
Representer Theorem

• Representer Theorem for fuzzy systems which implies
the training of fuzzy systems by kernel algorithms

Benefits for kernel machines
• design of rule-base kernel machines
• explainability of black-box kernel machines
• attribute noise-resistant kernel machines
As the forest of fuzzy systems is large [1], we limit this

work to the study of the connection between non-singleton
Mamdani fuzzy systems (NSFS) and regularized kernel ma-
chines [4], [6]3. Table II shows two promising novel machine
learning models — that we called Fuzzy-System Kernel ma-
chines (FSKM) — based on the studied connections. The first
studied connection produces the model FSKM-k which is both
a fuzzy system and a kernel machine. The second researched
connection provides the model FSKM-φ — a kernel machine
expressing the sum of two fuzzy systems. We tested FSKM-
k and FSKM-φ models in a set of supervised classification
experiments to show their generalization power, resistance to
the curse of dimensionality, and resistance to the attribute
noise. In those experiments, we contrast the performance of the
FSKM-k and FSKM-φ models against state-of-the-art models
on twenty-six datasets. Furthermore, we present two novel
positive definite kernels which belong to the class of kernels

3One of the reasons for this is that non-singleton fuzzification operators
from NSFS bring the unique perspective of modeling any crisp dataset as a
dataset of vectors of fuzzy sets, bringing some modeling advantages that we
discussed in the following paragraph.
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TABLE II
STUDIED CONNECTIONS BETWEEN NON-SINGLETON MAMDANI FUZZY

SYSTEMS AND KERNEL MACHINES

Model Description

FSKM-k

Connection between a non-normalized
fuzzy-basis-function expansion of non-singleton
Mamdani fuzzy systems and kernel
machines

FSKM-φ
Connection between a normalized fuzzy-basis-function
expansion of non-singleton Mamdani fuzzy systems
and kernel machines

on fuzzy sets [7], [8]: the non-singleton kernel and the Fuzzy-
Basis-Function kernel, both introduced in Theorems 1 and 3.

A remark about non-singleton fuzzification operators4

Non-singleton fuzzification operators characterize NSFSs
(see Section III-A, Definiton 3). In this work, we research
the connection under the perspective of Non-singleton fuzzifi-
cation operators instead of the widely used singleton fuzzifica-
tion operators because the former brings the unique perspective
of modeling any crisp data set as a dataset of vectors of fuzzy
sets (a.k.a fuzzy dataset, see Section IV-A, Equation (18)).
Consequently, any crisp input into the system is transformed
into a vector of fuzzy sets by the non-singleton fuzzifier,
and such vectors of fuzzy sets can be understood as logical
premises matching the spirit of the generalized modus pones in
fuzzy logic [9] (see Definition SM-14). Furthermore, because
of the Representer Theorem of kernel methods, arbitrary kernel
algorithms can select a subset of vectors of fuzzy sets from
the fuzzy dataset — which we get by applying a non-singleton
fuzzifier operator on the original training set pointwise — for
modeling the rule antecedents, as we described in Section
IV. Finally, optimal fuzzy dataset’s parameters are data-driven
estimated because of the kernel method pipeline and nested-
cross validation procedures as we showed in Section V.

A remark about the word kernel. The fuzzy set community
widely uses the word kernel to denote a crisp subset of a fuzzy
set where all the elements have unity membership degrees. In
machine learning, we use it to denote kernel functions used
for statistical modeling. In this paper, we deal strictly with
positive-definite kernels, consequently:

Kernel Machines def
= regularized machine learning models

with positive-definite kernels.

A. Paper organization

Section II introduces the main concepts of kernel ma-
chines, namely the kernel method, positive definite kernels,
kernel algorithms, and the Representer theorem; Section III
introduces fuzzy sets, non-singleton Mamdani fuzzy systems,
and the Fuzzy-Basis-Function expansion of fuzzy systems;
Section IV describes the Fuzzy-System Kernel machines based
on the researched connections; Section A describes in detail
the claimed benefits of studying this two-way connection;

4Singleton fuzzy systems and NSFS are equivalent under this particular
setup: Gaussian membership functions with equal spread parameters, and
product T-norm [1].

TABLE III
MATHEMATICAL NOTATIONS

Description Notation Definition

ith measured values
xi (scalar),
xi ≡ (xi1, . . . , xiD)T

input variable
X (scalar),
X ≡ (X1, . . . , XD)T

ith output measured value yi
output variable Y
input/output space X and Y
fuzzy sets Z,A,C Sec. III
vector of fuzzy sets Z ≡ (Z1, . . . , ZD)T

non-singleton fuzzy set Z(·|xi) : X → [0, 1] Def. 3
vector of non-singleton

Zx ≡ (Z(·|x1), . . . , Z(·|xD))Tfuzzy sets
T-norm operator T , ? Def. SM-13
function to be learned h : X → Y
fuzzy-basis-function (FBF) φ, ψ : X → R Eq. 15
kernel function k : X × X → R Def. 1
kernel matrix K Sec. II-A
Reproducing Kernel Hilbert H App. BSpace (RKHS)

Section V presents a set of experiments and Section VI
presents concluding remarks. Advanced concepts and proofs
are provided in the supplementary material. Finally, Table III
shows the mathematical notation used in this paper.

II. KERNEL MACHINES

Kernel machines are a class of models used for statistical
machine learning. The kernel method, depicted in Figure 1,
provides the pipeline for constructing kernel machines. Kernel
functions are the core concept of this methodology because 1)
they provide a way for estimating high dimensional features of
the data being analyzed, and 2) they induce a high dimensional
space where algorithms are defined for analyzing patterns in
data. The next sections review positive definite kernels and
their use in Machine learning through the kernel method.

A. Positive-definite Kernels

Positive-definite kernels play an important role in fields such
as analysis, approximation theory, engineering, geostatistics,
probability theory and statistics [2], [10]. Although kernel
functions can be complex-valued or operator-valued, the most
common kernels in machine learning are real-valued functions
of the form: k : X × X → R, where X is a non-empty set.

Definition 1 (Positive-definite kernels). Let X be a non-empty
set. Then, a symmetric function k : X ×X → R is a positive-
definite kernel if it satisfies:

N∑
i=1

N∑
j=1

αiαjk(xi, xj) ≥ 0, (1)

for all N ∈ Z+, all αi, αj ∈ R and, all xi, xj ∈ X .

An attractive property of a positive-definite kernel is that
it is a reproducing kernel of a Reproducing Kernel Hilbert
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Space (RKHS) H (See Supplemental Material B for the main
definitions). The kernel trick5:

k(x, x′) = 〈k(·, x), k(·, x′)〉H, (2)

is a practical result in machine learning for the characterization
of positive-definite kernels as reproducing kernels of RKHSs
— allowing an implicit inner product computation between
the high dimensional representations k(·, x), k(·, x′) ∈ H —
a.k.a., feature vectors or representative functions — of data
points x, x′ ∈ X . RKHSs are important for statistical Machine
Learning because:1) if two functions are close in the sense of a
norm then their function images are also close (i.e., a sequence
converging in the norm also converges pointwise); 2) it is pos-
sible to implicitly perform inner products in H as k(x, x′) =
〈k(·, x), k(·, x′)〉H; and, 3) the evaluation of the estimated
function h on a point x is interpreted as h(x) = 〈h, k(·, x)〉H.
This leverages: a) the design of geometrical algorithms (e.g.,
Support Vector Machines, Minimum Enclosing Balls); b) the
extension of widely-known methods (Kernel PCA, Kernel
Ridge Regression); and, c) the design of regularizers that
explicitly penalize the function that is being approximated.
Examples of positive-definite kernels k(x, x′) are: the linear
kernel xTx′, the polynomial kernel (xTx′ + 1)γ , γ > 0,
the Gaussian kernel exp(γ ‖x− x′‖2), γ > 0, kernels on
measures,on strings,on graphs, among others [3], [4].

B. The Kernel Method

The kernel method is a methodology for constructing kernel
machines. Figure 1 presents the workflow and main concepts
of this methodology. We review each of them as follows:

1) The data:

D = {(x1, y1), . . . , (xN , yN )} ⊂ X × Y, (3)

The input space X has no topological restrictions. It can be
any collection of elements representing real phenomena, e.g.,
a set of vectors on RD, graphs, probability distributions, etc.

2) The kernel function and the kernel matrix: The next step
of the kernel method is to construct a similarity matrix K
between elements of the dataset using a symmetric positive-
definite kernel, i.e., Kij = k(xi, xj). The matrix K is
symmetric and positive-semidefinite and is a core concept
in the design of kernel machine algorithms, because it can
be interpreted as similarity matrix between observations, i.e.,
Kij = k(xi, xj) informs how similar xi is to xj . Also,
the kernel matrix plays an important role in the practical
implementation of this models assuring the convexity of the
objective function of kernel machine models given by (4).

3) Kernel algorithms: In Machine learning, the purpose of
the kernel method is to create a model, the kernel machine, that
estimates as best as possible a functional relationship h : X →
Y from the dataset D. Since many solutions are possible; the
kernel method seeks solutions with high generalization (a.k.a.,
predictive power) 6. Those solutions are estimated within the

5k(·, x) means that one fixes an x ∈ X of the second argument of
k : X × X → R, and varies the variable in the first argument.

6This differs from statistical descriptive modeling which aims at function
estimation for description purposes, in which generalization is not important.
See a related discussion in [12].

RKHS, which is the functional space induced by the kernel. To
do that, kernel methods use a loss function and a regularizer
to control the capacity of the learned function. Thus, kernel
algorithms seek to find a solution h∗ : X → Y by solving the
following optimization problem:

arg min
h∈H

[
Ω(λ, ‖h‖H) +

1

N

N∑
i=1

L(yi, h(xi))

]
(4)

where H is an RKHS, λ is a non-negative regularization
parameter, Ω is a regularization function and, L is a loss
function that measures the quality of h in terms of the error
between the observed yi and the predicted h(xi) value.

4) Solution via the Representer Theorem: The Representer
Theorem [3] characterizes the solution of (4) in terms of
the data sample D, a symmetric positive-definite kernel k,
an empirical loss L and a regularizer Ω. It states that any
minimizer h∗ of (4) has the form:

h∗ =
N∑
i=1

αik(·, xi) (5)

where αi ∈ R. From that, it follows that the kernel method
produces kernel machines with regularizers explicitly penal-
izing the function h in terms of the kernel k. For instance,
Ω(λ, ‖h‖H) = λ〈h, h〉H can be written in terms of kernel
evaluations as:

λ〈h, h〉H = λ〈
N∑
i=1

αik(·, xi),
N∑
j=1

αjk(·, xj)〉H (6)

= λ
N∑
ij

αiαj〈k(·, xi), k(·, xj)〉H (7)

= λ
N∑
ij

αiαjk(xi, xj) (8)

Note that kernel machines are modular, i.e., it is always
possible to change the kernel function without changing the
algorithm. Table SM-1 shows widely-used kernel machines.
Useful references are [2]–[4].

III. FUZZY SETS AND SYSTEMS

Fuzzy systems approximate a function h : X → Y by ap-
plying operations from fuzzy set theory and fuzzy logic. Many
fuzzy systems are universal approximators of functions [13]–
[15], and have been used successfully in robotics, control,
dynamic systems, machine learning, deep learning, intelligent
systems [16]–[19], etc. At the heart of fuzzy systems is the
concept of a (type-1) fuzzy set, originally defined by Zadeh
as a mapping Z : X → [0, 1], where Z(x) is interpreted as
the membership degree of element x in the fuzzy set Z, also
called membership function, that plays an analogous role to
the characteristic function in classic set theory [20]. Fuzzy
sets are used in fuzzy logic to extend Boolean logic to a
[0, 1]-valued logic, and, according to Dubois and Prade [21],
they have three semantics: 1) similarity between a value and a
prototype; 2) degree of uncertainty about an ill-known value;
and 3) preference. Generalizations of fuzzy sets include L-
fuzzy sets [22]; type-2 fuzzy sets, among others [23]. In the
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Fig. 1. Workflow and related concepts of the kernel method. Figure adapted from [11]

remainder of the paper, we are going to limit the discussion
to X = RD and Y = R; and to type-1 fuzzy sets.

A. Non-singleton Mamdani Fuzzy Inference Systems (NSFS)

A Mamdani Fuzzy inference system [24] is a rule-based
machine learning model that uses data or/and expert knowl-
edge for setting its rules, and several concepts from fuzzy logic
and fuzzy set theory for defining the model’s structure and
performing inference7. This system has four main components:
1) a fuzzifier operator that transforms the real input values to
input-fuzzy sets, because a fuzzy system uses fuzzy sets for all
its internal operations; 2) a rule base composed of IF-THEN
rules; 3) an inference engine that uses fuzzy logic principles
to perform inference between an input-fuzzy set and an IF-
THEN rule, resulting in a fired rule output-fuzzy set8, and; 4)
a defuzzification operator that maps all fired rule output-fuzzy
sets into a real number.

Different choices for those components lead to different
kinds of Mamdani fuzzy systems, e.g., in this work, we use
Mamdani fuzzy systems that use a non-singleton fuzzifier
operator resulting in non-singleton Mamdani Inference systems
(NSFS) [6]. Also, we focus on a defuzzification operator that
leads to a Fuzzy-Basis-Function (FBF) expansion that are
universal approximators [1], [14], [15].

A core concept of NSFSs is the notion of IF-THEN rules:

Definition 2 (IF-THEN rule). A generic IF-THEN rule for a
Mamdani fuzzy system is (l = 1, . . . , L):

IF X1 is Al1 and . . . and XD is AlD THEN Y is Cl (9)

where Xd (d = 1, 2, . . . , D) are the real input variables; Y is
the real output variable; fuzzy sets Ald : R → [0, 1] belong
to the first-order uncertainty partition9 of variable Xd and;
Cl : R → [0, 1] are fuzzy sets belonging to the first-order
uncertainty partition Ty of variable Y .

There are many methodologies for constructing those IF-
THEN rules [1], ranging from using expert knowledge (See
Example SM-1 in the Supplemental Material) to full data-
driven approaches. Moreover, each IF-THEN rule models a
fuzzy implication. There are several implication operators used

7Other types of fuzzy inference systems are discussed in [1].
8This is a Generalized Modus Ponens that uses an input-fuzzy set as

premise and an IF-THEN rule as implication for activating a consequent which
is a fuzzy set — see Def. SM-14.

9A first-order uncertainty partition is defined in Definition SM-11.

in fuzzy logics, however Mamdani fuzzy systems use a T-norm
operator for this (Definition SM-13 in Supplemental Material).
This causes the loss of meaning of implication in logic but
it adds practical value to using those systems in real world
applications [1].

B. Methodology for constructing Mamdani fuzzy systems
based on Fuzzy-Basis-Function (FBF) expansion

The methodology uses observed data and (optionally) expert
knowledge to approximate a function h : RD → R. Figure 2
depicts the workflow and main concepts of this methodology.
We review each of them as follows:

1) The data: Is the set of observed values:

D = {(x1, y1), . . . , (xN , yN )} ⊂ RD × R, (10)

2) Input expert knowledge: Optionally, expert knowledge
can be provided as input to the system in the form of IF-
THEN rules (m = 1, . . . ,M):

IF X1 is Am1 and . . . and XD is AmD THEN Y is Cm (11)

3) Rules: A rule-base is constructed using the input data,
resulting in a set of rules as in (9). Additionally, if expert IF-
THEN rules are provided as inputs, those rules are added to
the rule-base.

4) Fuzzy system choices: A fuzzy system has several hyper-
parameters, e.g., the number of fuzzy sets per dimension
for modeling the fuzzy sets in the antecedent part of IF-
THEN rules; the shape of fuzzy sets; the T-norm operator for
modeling the word and; and the choice of a fuzzifier. In this
work, we are interested in non-singleton fuzzifiers because of
the reasons exposed in the introduction section.

Definition 3 (non-singleton fuzzifier). Given an input value
x ≡ (x1, . . . , xD) ∈ RD to the fuzzy system, a non-singleton
fuzzifier maps each value xd ∈ R (d = 1, . . . , D) of x to the
non-singleton fuzzy set Zd(·|xd) : R→ [0, 1], which is a fuzzy
set such that Zd(Xd|xd) = 1 when Xd = xd and Zd(Xd|xd)
decrease from unity as Xd moves away from xd.

In the spirit of Fuzzy logic’s Generalized Modus Ponens
(Definition SM-14) the non-singleton fuzzifier’s output: Zx ≡
(Z(·|x1), . . . , Z(·|xD))T models the premise:

X1 is Z1 and . . . and XD is ZD (12)

which is used jointly with the rules in (9) to do inference (see
Supplemental Material C-A). Thus, the interaction between the
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Fig. 2. Function approximation via Fuzzy-Basis-Function expansion of Mamdani fuzzy systems

premise and a rule’s antecedent (Supplemental Material C-B)
is characterized by:

supX∈RDTDd=1Zd(Xd|xd) ? TDd=1Ald(Xd)

≡ TDd=1 sup
Xd∈R

Zd(Xd|xd) ? Ald(Xd) (13)

where T and ? denote the t-norm operator (Definition SM-13)
and sup denotes the suppremum operation.

Another choice is the type of defuzzification operator [1],
[25]. In this work we chose the Center-of-Sets defuzzifier [1]
because it leads to the FBF expansion of fuzzy systems.

5) Fuzzy-Basis-Function matrix: An important result in
fuzzy systems is that Mamdani fuzzy systems are universal
approximators of functions that can be expressed as the
following FBF expansion [1], [14], [15]:

h(x) =
L∑
l=1

αlφl(x) (14)

where φl functions are called fuzzy-basis-functions10, αl ∈
R, and:

φl(x) =
TDd=1 supXd∈R Zd(Xd|xd) ? Ald(Xd)∑L
l=1 T

D
d=1 supXd∈R Zd(Xd|xd) ? Ald(Xd)

(15)

In (14) and (15), index l = 1, . . . , L is related to the IF-
THEN rules. Thus, the FBF matrix is defined as Φil = φl(xi).
Moreover, if an additional set of m = 1, . . .M expert or
knowledge-driven IF-THEN rules are provided then (14) can
be rewritten as:

h(x) =
L∑
l=1

αlφl(x) +
M∑
m=1

γmψm(x), (16)

where coefficients γm ∈ R and FBF ψm are related to the
provided expert IF-THEN rules. The FBF matrix is [Φ Ψ],
where Ψim = ψm(xi).

10It also can be understood as a TSK fuzzy system with constant αl.
However, we avoided calling TSK in our work because a Mamdani has only
one FBF per rule — as is the case of the paper, whereas TSK fuzzy systems
have d+1 FBFs per rule, leading to an FBF expansion with L(d+1) terms—
we let such analysis as future work.

6) Learning: Fuzzy systems use data for optimizing a
loss function regarding a task (regression, classification, fore-
casting, etc.) with respect to the fuzzy system’s parameters,
i.e., fuzzy set parameters and rule parameters. Moreover,
regularization can be used by including a term in the loss
function to account for fuzzy system complexity.

7) Solution: The solution given by (15) (or (16) if expert
IF-THEN rules are used) is a fuzzy basis function expansion.
Even though one begins with rules and fuzzy sets, one can
write formulas for this FBF expansion.

IV. FUZZY-SYSTEM KERNEL MACHINES

This section introduces the Fuzzy-System kernel machines
(FSKM) produced from investigating two connections between
kernel machines and non-singleton Mamdani fuzzy systems
(NSFS). The idea is to relate the fuzzy-basis-function expan-
sion in (15), positive definite kernels, and the Representer
Theorem of kernel methods. Table II shows the two explored
connections and the resulting FSKM-k and FSKM-φ models,
introduced in Sections IV-B and IV-C respectively. We begin
by showing how to adapt the kernel method for working with
fuzzy sets and systems concepts.

A. The kernel method with kernel on fuzzy sets

The kernel method works on any kind of input datasets
(sets, measures, graphs, etc.). Figure 3 depicts how the kernel
method can work with concepts from fuzzy sets and systems.
Firstly, given a crisp dataset containing observations:

D = {(xi, yi) | i = 1, 2, . . . , N} ⊂ RD × R (17)

and a non-singleton fuzzifier, we construct the following fuzzy
dataset:

DF =
{(

Zxi
, yi
)
| i = 1, 2, . . . , N

}
⊂ F(R)D × R, (18)

where

Zxi
≡
(
Zi1(·|xi1), . . . , ZiD(·|xiD)

)T ∈ F(R)D

is a D dimensional vector of non-singleton fuzzy sets for the
observed data point xi ≡ (xi1, . . . xiD)T . Notation F(R) is
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Fig. 3. The kernel method with kernel on fuzzy sets

the set of all the fuzzy sets on R. Note that (18) gives a
fuzzified version of the original data set in (17). In this version,
each value per dimension from (17) is transformed into a (non-
singleton) fuzzy set around that value (Definition 3).

To construct an N×N kernel matrix using the fuzzy dataset
we need a kernel defined on the set of fuzzy sets, i.e., a kernel
on fuzzy sets. Therefore, depending on the task (classification,
regression, forecasting, interpolation/kriging, data description,
dimensionality reduction, etc.), a kernel algorithm is chosen
(SVM, kriging, SVDD, kernel PCA, etc.). Finally, because of
the representer theorem, the solution is stated as a function of
the training data, in this case, the fuzzy dataset:

h∗(x) =

N∑
i=1

αik(Zx,Zxi) (19)

Based on this, the next sections describe two connections
based on two novel kernels on fuzzy sets.

B. The connection between a non-normalized FBF expansion
of non-singleton Mamdani fuzzy systems and kernel machines

This section explores the first connection, leading to the for-
mulation of the FSKM-k model: In Theorem 1, we postulate
a new kernel on fuzzy sets based on a non-normalized FBF of
non-singleton Mamdani fuzzy systems (Equation (15) without
the denominator), we define FSKM-k models in Definition
4 and postulate the connection and functional equivalence
in Theorem 2. Also, we describe a top-down approach for
designing fuzzy systems under this perspective.

Theorem 1 (Non-singleton kernel on fuzzy sets). Let F(R)
denote the sets of fuzzy sets on R and F(R)D its cartesian
product, where D is the data dimension. The mapping k :
F(R)D ×F(R)D → [0, 1] defined by

k(Zx,Zx′) = sup
X∈RD

TDd=1Zd(Xd|xd)?TDd=1Z
′
d(Xd|x′d), (20)

where
Zx ≡

(
Z1(·|x1), . . . , ZD(·|xD)

)T
(21)

and,
Zx′ ≡

(
Z ′1(·|x1), . . . , Z ′D(·|xD)

)T
(22)

is a positive definite kernel for any T-norm dimensional
aggregation operator T , Gödel or product T-norm for T-
norm operator ?, and normal and convex fuzzy sets with

infinite support for symmetric non-singleton fuzzy sets Zd and
Z ′d, (d = 1, . . . , D)11.

Thus, we have the following machine learning model:

Definition 4 ( FSKM-k model). A FSKM-k model is a
regularized kernel machine trained with the non-singleton
kernel on fuzzy sets.

Thus, given a loss function, a regularizer, a crisp dataset as
in (17), a fuzzy data as in (18) and a non-singleton kernel
on fuzzy sets (20), by the Representer theorem for kernel
machines, the solution of a regularized kernel machine with
those components is given by (19). Observe that the domain
of the approximated function by the kernel method h is RD.
Moreover, the right hand of (19) shows that a non-singleton
fuzzifier acts on the input and elements of the training set,
i.e., x and xi, transforming them into fuzzy sets, which
are arguments of the non-singleton kernel on fuzzy sets. In
practice, this leads to a machine learning pipeline where non-
singleton fuzzification is a data pre-processing step.12

Top-down approach for designing fuzzy systems: Fuzzy
systems are rule-based learning models: The learning process
is based on optimizing the parameters of a set of IF-THEN
rules to match the functional dependence between input and
outputs and, the inference process uses those optimized rules
for generalizing to unseen inputs. Those rules are constructed
from available data and expert knowledge, and are prototypes
capturing the patterns in data. On the other hand, because of
the Representer Theorem, kernel machines are instance-based
learning models, in the sense that they need to memorize some
instances or observations (a subset of the available data) and
use those memorized values for inference.

Due to the rule-based vs. instance-base modeling difference,
we make the following assumption to make possible the first
connection between kernel machines with non-singleton kernel
and, non-singleton fuzzy systems:

Assumption 1. Each memorized observation by a FSKM-k
model can be interpreted as an antecedent part of an IF-THEN
rule.

11We can eliminate the infinite support requirement by requiring that each
Zd(·|xd), (d = 1, . . . , D) overlaps with their nearest neighbors within their
corresponding first-order uncertainty partition (Definition SM-11) to assure
that the supremum exists.

12Feature extraction, dimensionality reduction, feature union, etc., are
other examples of ML pre-processing steps.
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Notice that the set of the memorized instances or observa-
tions by the solution h∗ from (19) is the set:

M =
{
Zxi | αi 6= 0, i = 1, . . . , N

}
(23)

This interpretation provides a top-down approach to design-
ing fuzzy systems instead of a local approach [26], i.e., the
kernel machine memorizes some observations of data and sets
those observations to be fuzzy-rule antecedents (top-down),
instead of deriving the antecedent fuzzy sets and rules by
analyzing the coverage of the rules with respect to the each
dimension of the data (local-design).

Assumption 1 has two consequences: 1) the resulting kernel
machine is a rule-based model that can be viewed as an NSFS,
consequently a set of IF-THEN rules can be retrieved from
those models; and, 2) we can learn the antecedent part of IF-
THEN rules of a fuzzy system by using the memorized obser-
vations from the kernel machine, consequently, the resulting
NSFS is a regularized kernel machine estimating its solution
in an RKHS. That is summarized in the following result.

Theorem 2 (Connection and functional equivalence). If we
set the number of rules L of a NSFS to be the cardinality of
the memorized instances by the solution of a kernel machine
given by (19), i.e. L = card(M) and, if we let each element
from the set of memorized instances define the antecedent
fuzzy sets of those rules. i.e., (Al1, . . . , AlD) ∈M Then:
• The underlying kernel machine is a NSFS
• The resulting NSFS is a kernel machine

Consequently, the set of memorized instances M in (23)
defines the following rule base (l = 1, . . . , L):

IF X1 is Al1 and . . . and XD is AlD THEN Y is αl, (24)

where each (Al1, . . . , AlD) is an element of M and αl is
its respective non-zero coefficient value. Consequently, those
rules can be retrieved from a trained kernel machine with a
non-singleton kernel on fuzzy sets or can be used for defining
the following non-singleton fuzzy system with non-normalized
FBF expansion:

h(x) =
L∑
l=1

αl
(
TDd=1 sup

Xd∈R
Zd(Xd|xd) ? Ald(Xd)

)
(25)

The learning process estimates the optimal αl values for
a given loss function, regularizer, kernel, and fuzzification
parameters. Observe that this learning formulation generalizes
the support vector learning approach [27]–[30]13 because it is
not limited for learning singleton fuzzy systems using support
vector machines. On the contrary, we can train an NSFS with
any regularized kernel machine (See Table SM-1). Also, (25)
explicitly modeled the premise in (12) with non-singleton
fuzzy sets instead of singleton fuzzy sets.

C. The connection between a normalized FBF expansion of
non-singleton Mamdani fuzzy systems and kernel machines

There is no direct connection between kernel machines
and the normalized FBF-expansion of a NSFS ((14) and

13See the discussion in Section IV-D.

(15)) because the resulting FBF matrix Φil = φl(xi) is not
symmetric, which is a requirement for defining reproducing
kernels. Here, we formulate a symmetric kernel that uses the
FBF formulation. Kernel machines using those kernels can be
understood as the sum of two NSFSs.

Theorem 3 (kernel kφ on fuzzy sets). Let DF be fuzzy data
defined by (18), such that Zxi ,Zxj (i, j = 1, . . . , N) are in
it. Let k be the non-singleton kernel on fuzzy sets given by
(20). The mapping kφ : F(R)D ×F(R)D → [0, 1] defined by

kφ(Zxi
,Zxj

) =
k(Zxi ,Zxj )∑N
j=1 k(Zxi

,Zxj
)

+
k(Zxi

,Zxj
)∑N

i=1 k(Zxi
,Zxj

)
,

(26)
is a positive definite kernel.

Thus, we have the following machine learning model:

Definition 5 (FSKM-φ model). A FSKM-φ model is a regu-
larized kernel machine trained with kernel kφ.

Observe that the kernel in (26) is the sum of two basis
functions, as in (15), but is written explicitly as a function of
vectors of fuzzy sets instead of crisp values: kφ(Zxi

,Zxj
) ≡

φj(xi) +φi(xj). Also, by the Representer theorem for kernel
machines, a FSKM-φ model has a similar solution as the one

in (19), i.e., h∗(x) =
N∑
i=1

αikφ(Zx,Zxi
). Moreover, the set of

the memorized instances by that kernel machine is also defined
by the set M in (23).

Connection and Functional equivalence: A kernel machine
trained with kernel kφ can be interpreted as the sum of two
NSFS with FBF-expansion because14:

h∗(x) =
N∑
i=1

αikφ(Zx,Zxi
) (27)

≡
L∑
l=1

αlφl(x) +

L∑
l=1

αlφx(xl) (28)

≡ h∗1(x) + h∗2(x) (29)

Applying similar arguments to those from Assumption 1 and
Theorem 2 to the NSFS h1 in (29) we have the following: The
number of rules of the NSFSs h1 is set equal to the cardinality
of the memorized instances by the solution of a kernel machine
given by (27), i.e. L = card(M) and, each element from
the set of memorized instances defines the antecedent fuzzy
sets of those rules. Consequently, the rules for h1 are defined
as in (24) and, the non-singleton fuzzy sets in the input are
interpreted as (12). However, the FBF φ for h1 are given by
(15) (normalized FBF).

On the other hand, the NSFS h2 in (29) consid-
ers the memorized instances by the kernel machine (the
rule antecedents in h1) as inputs, i.e., each element of
the set of memorized instances M define the premise:
“X1 is Al1 and . . . and XD is AlD ”. Moreover,
h2 considers the test point x as a rule antecedent,
i.e., the non-singleton fuzzy sets in Zx defines the rule

14The index (i = 1, . . . , N) is replaced by (l = 1, . . . , L) because In
(29) we use (26) and because Assumption 1.
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IF X1 is Z1 and . . . and XD is ZD THEN Y is αl, The
study of the implications of this combination between h1 and
h2 is left as future research.

In summary:
• a FSKM-φ model is the sum of two NSFSs
• The rules of the first NSFS, i.e., h1 are estimated from

the set of memorized instances by the FSKM-φ model.
• The second NSFS h2 considers the test points as the rule

antecedents and the memorized instances from the kernel
machine as the inputs.

D. Related Work

Literature shows several works using fuzzy theory and
positive kernel functions for doing machine learning [31]–[33].
As a result, some positive definite kernels can be viewed as
fuzzy equivalence relations [34], [35] and a novel class of
kernels defined on fuzzy sets was introduced in [7], [8], [36].
An interesting path of research of this synergy is studying the
connection between the kernel matrix and the fuzzy system’s
IF-THEN rules, as we do in this work. The main motivation
for this research direction was the training of fuzzy systems
using the support vector learning approach, i.e., once a kernel
machine is trained, the method uses all the support vectors
(all the observations xi with αi > 0 from (5)) to define
the IF-THEN rules15. For instance, authors in [27] found that
singleton fuzzy systems using fuzzy sets in the antecedent of
IF-THEN rules, satisfying A(x) = A(−x) and A(0) = 1,
with A being a positive-definite function, define the following
positive-definite kernel k(xi,xj) =

∏D
d Ad(xid − xjd). After

training a SVM with those kernels, the support vectors were
used to identify the rule number and the parameters for the
fuzzy sets in the antecedent part of IF-THEN rules. The same
idea was used in [28] with Ad being Gaussian functions, also
in [29] jointly with rule and feature ranking algorithms, and
also in [30] but with kernel k(xi,xj) =

∏D
d Ad(xid)·Ad(xjd)

under the interpretation of a fuzzy system as a neural network.
Interestingly, this last work was that the connection between
kernels and rule antecedents was used after clustering for rule
definition and before rule reduction. It is worth mentioning
that all those works use an FBF expansion of singleton fuzzy
systems where the denominator of the resulting FBF expansion
is always a positive number by construction, and it can always
be ignored in classification tasks16.

Our work generalizes these previous works in two ways: 1)
we use non-singleton fuzzifiers (Definition 3) which are more
general than the singleton fuzzifiers used in previous works17

A consequence of this is that we can control the fuzzification
level of the inputs, and we can formulate the connection in
terms of the kernel on fuzzy sets; 2) Previous works only
used SVM for support vector learning of fuzzy systems. We
argue that any kernel machine (kriging, Gaussian process,

15To the best of our knowledge, previous works only use SVM for
classification or regression.

16Because in classification only the sign of the output matters.
17A singleton fuzzifier transform the input xd in the singleton fuzzy set

Z(Xd|xd) = 1 when Xd = xd and 0 otherwise. Note that a singleton
fuzzifier is a particular case of a non-singleton fuzzifier.

SVD, kernel PCA, etc.) can be used as well for learning fuzzy
systems.

Some Interesting works connect the kernel matrix with
the consequent part of fuzzy systems, for instance [37] uses
a linear kernel for learning the consequent parameter of a
Takagi-Sugeno-Kang fuzzy system and [38] proposes to use
a kernel with elements k(xi,xj) = φl(xi)φl(xj)x

T
i xj and

SVM for learning the consequent parameters of IF-THEN
rules. Other works in this direction are [39], [40].

V. EXPERIMENTS

We conducted three experiments in supervised classification
to quantify the performance of FSKM-k and FSKM-φ models
in terms of 1) generalization power, 2) resistance to the curse
of dimensionality, and 3) resistance to attribute-noise. We
used a support vector machine algorithm as a kernel learning
algorithm for training the FSKM-k, and FSKM-φ models18.
For all the classifiers in the three experiments, we used a
nested cross-validation procedure to get consistent statistical
estimates which is more computationally expensive than single
cross-validation methods, but it leads to less biased results
[41]. Nested cross-validation is implemented via two cross-
validation loops. The outer loop is in charge of computing the
cross-validation score, and the inner loop is in charge of model
selection. In this sense, we implemented model selection via
a randomized grid search over the hyperparameters of all
the classifiers. We also set as an additional hyper-parameter
whether or not to scale all the data values into the [0, 1]-interval
— for all the classifiers in the three experiments. We used five
folds for both the inner and outer partitions of the nested cross-
validation procedure for all the experiments. We also estimated
the nested cross-validation score in terms of an accuracy
metric19. Furthermore, we performed a statistical comparison
of FSKM classifiers vs. competing methods on twenty-six
classification datasets using the Hierarchical Bayesian test [42]
which is recommended for performing classifier comparison
through datasets when the results come from cross-validation
procedures. Additionally, we report Bayesian signed-rank test
results in the Supplemental Material.

A. Kernels and FSKM classifiers setup

We used a non-singleton kernel on fuzzy sets based on
Gaussian membership functions and the product T-norm op-
erator for all the experiments given by the following expres-
sion20,21:

k
(
Zx,Zx′

)
= exp

(
− 0.5γ

D∑
d=1

(xd − x′d)2

σ2
d + σ′d

2

)
, (30)

where x,x′ ∈ RD, Zx ≡ (Z(·|x1), . . . , Z(·|xD))T and
Zx′ is defined similarly. Here, each fuzzy set Zd(·|xd) has

18Depending on the task, note that it is possible to use other kernel
algorithms, e.g., kernel ridge regression, Gaussian process regression, etc.

19We used the scikit-learn package for that purpose.
20The derivation of this expression appears in [1], [6] in the context of

computing the firing level for rules in non-singleton fuzzy systems.
21We let the role of the use of membership functions other than Gaussians

and with different spreads as future research.
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TABLE IV
HYPER-PARAMETERS OF FSKM-k AND FSKM-φ MODELS

Model Description

Fuzzification level σid ∈ R+

(one for each scalar value xid)
Kernel parameter λ ∈ R+

Regularization parameter γ ∈ R+

Gaussian membership function with parameters xd, σd, i.e.,
Zd(·|xd) = exp(−0.5(· − xd)/σ2

d). Additionally, we consider
the kernel parameter γ > 0 to control the extent to which
the two elements Zx,Zx′ are similar. Thus, we trained the
FSKM-k with kernel (30), and the FSKM-φ with the kernel
(26) using (30) as the base kernel. Table IV shows the FSKM’s
hyper-parameters that were optimized by random grid search
in the model selection step of the nested cross-validation. We
also consider the same fuzzification level for all the values22.

B. Assessing the generalization power of FSKM classifiers

This experiment assesses the generalization power of the
proposed FSKM models — in terms of the accuracy metric
— against popular machine learning models. Table V contains
classifiers details and, Table SM-2 shows the twenty-six clas-
sification datasets used in this experiment. We describe the
data preprocessing, experimental design, and classifier results
in the following paragraphs.

TABLE V
CLASSIFIERS USED TO QUANTIFY THE GENERALIZATION POWER OF

FSKM CLASSIFIERS TRAINED WITH KERNEL MACHINES

Label Classifier

FSKM-k Sec IV-B
FSKM-φ Sec IV-C
RF Random Forest
BagC4.5 Bagging C4.5
MLP Multilayer perceptron neural network
SVM RBF Support vector machine with RBF kernel
C4.5 C4.5 decision tree algorithm
NB Naive Bayes
KNN k-nearest neighbors

1) SMOTE data preprocessing: Some of the datasets in Ta-
ble SM-2 are imbalanced, thus, as the goal of this experiment
is to quantify the generalization power of the FSKM models
and not to solve or deal with imbalanced problems, we proceed

22Observe that a NSFS with Gaussian memberships functions sharing
the same σ parameter is equivalent to a singleton fuzzy systems [1], con-
sequently, by reparameterization kernel in (30) can be written equivalently

as exp(−0.5γ′
∑D

d=1(xd − x′d)
2) with γ′ = γ ∗

1

2σ2
. This specific

configuration leads to three theoretically equivalent classifiers23: the FSKM-k
model, a singleton fuzzy system with RBF kernel (PDFC) model [27] and
a support vector machine with RBF kernel. However, the FSKM-k model
always will try to jointly optimize the fuzzification σ parameter in addition to
the kernel bandwidth parameter γ from data, i.e., the σ fuzzification parameter
constraint the possible choices for γ. Besides the advantages mentioned in the
introduction, practical implications on this are that FSKM-k classifiers will be
more resistant to attribute noise than other classifiers due to the non-singleton
fuzzification step, as we observed in the experiments in Section V-D. We let
as future research the role of different fuzzification parameters, membership
functions, and ML tasks for FSMK models.

to transform the original datasets into balanced versions by
applying the SMOTE algorithm [43] which produces balanced
datasets versions from the original ones by oversampling the
minority classes. That allows us to use the balanced version of
the datasets for training the models and reporting the results
with the accuracy metric. Table SM-2 reflects the data statistics
for the datasets processed with the SMOTE algorithm.

2) Classifier comparison based on Bayesian analysis:
Figure 4 shows the results for this experiment. The y-axis
represents the models, and the y-axis represents the accuracy
metrics in terms of violin plots, which describe the accuracies
distribution across all the datasets estimated via a kernel den-
sity estimator. Figure SM-3 from the Supplemental Material
shows the distribution of accuracies per individual dataset.
Note that the five outer loops of the nested cross-validation
procedure provide five cross-fold accuracies per model and
dataset for a total of 130 accuracies for estimating each violin
plot (5(folds) ∗ 26(datasets) = 130(accuracies)).
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Fig. 4. Results for the generalization-power experiment. Each violin plot
represents the distribution of accuracies across the twenty-six datasets.

We performed a statistical comparison between classifiers
across all the datasets using the Hierarchical Bayesian test.
This test uses the nested-cross validation accuracy values per
classifier. Given two classifiers A and B, the output of that
test are three probability values {P (A � B), P (A � B),
and P (A = B)}. Thus, given an arbitrary probability value
ρ acting as a threshold, we can decide: A � B if P (A �
B) > ρ; A � B if P (A � B) > ρ or A = B if P (A =
B). Additionally, the Hierarchical Bayesian test uses the rope
parameter, which defines a region of practical equivalence for
defining P (A � B). We used 0, 0.01 and 0.05 for the rope
parameter. In the first case (rope = 0), there is no region of
practical equivalence, which means that a classifier is always
better than another. In the second and third cases ( rope = 0.01
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or rope = 0.05), two classifiers are equivalent if the difference
of their accuracies is less than one or five percent, respectively.

Table VI shows the results estimated by the Bayesian Hier-
archical test24 By settign a threshold of ρ = 0.95, a value of T
means that the base classifier ( FSKM-k or FSKM-φ) is better
because P (FSKM� other) > 0.95. A value of E means that
the classifiers are equivalent P (FSKM = other) > 0.95 and,
A value of F means that P (FSKM� other) > 0.95. Finally,
symbol ? denotes that no decision can be made based on the
threshold ρ = 0.95 because P (FSKM � other), P (FSKM =
other), P (FSKM� other) are always less than ρ = 0.95.

TABLE VI
STATISTICAL COMPARISON OF CLASSIFIERS USING HIERARCHICAL

BAYESIAN TESTS

Rope 0.00 0.01 0.05 0.00 0.01 0.05

Classifier FSKM-φ FSKM-k

FSKM-k ? E E - - -
FSKM-φ - - - ? E E
RF T ? E T ? E
BagC4.5 T T E T T E
MLP T E E T ? E
SVM RBF ? E E ? E E
C4.5 T T ? T T T
NB T T T T T T
KNN T ? E T T E

3) Results and discussion: Figure 4 shows that — if we
ignore the outliers — the distribution of accuracies is some-
what similar among the classifiers except for C4.5 and NB.
Such information is well captured by the Hierarchical test in
Table VI in the case of the FSKM-k classifier at rope 0.05.
The Bayesian Hierarchical test shows us that at rope = 0 and
with probability 0.95, both the FSKM-k and FSKM-φ classi-
fiers outperform all the competing methods, with no-decision
against SVM RBF. Furthermore, at rope = 0.01, classifiers
FSKM-k, FSKM-φ, and SVM RBF are equivalent with prob-
ability 0.95, the beforementioned threshold of the test. Also, at
this rope level, FSKM-φ is equivalent to MLP. This informa-
tion is also visually suggested in Figure 4. We can conclude
from the Bayesian Hierarchical test results that the proposed
FSKM-k and FSKM-φ classifiers are competing methods of
classical ML approaches on generic classification tasks. Also,
there is no case where the proposed classifiers perform worse
than competing methods. Finally, the Hierarchical Bayesian
test gives a probability of P (FSKM-k = FSKM-φ) = 1.0 at
rope 0.01, which means that both classifiers have equivalent
behavior. Based on this analysis, we conclude that both FSKM
classifiers, FSKM-k and FSKM-φ have equivalent behavior.

C. Resistance to the curse of dimensionality

This experiment aims to empirically show that under the
interpretation of FSKM as a fuzzy system, those fuzzy systems
are resistant to the curse of dimensionality, i.e., a fuzzy system
trained with kernel machines using the kernels proposed in this
work inherits such property from kernel machines.

24Table SM-3 shows the rthe Bayesian signed-rank test results.

1) dataset: We generated binary-classification datasets
starting from dimension 2 to dimension 100, which resulted
in a total of 98 datasets. We kept the number of features per
dimension to be the same number of informative features. This
procedure was suggested by [44], and implemented in scikit-
learn [45] by the procedure make_classification.

2) Experimental design and models: We used nested cross-
validation as described in Section V-B. Table VII shows the
fuzzy classifiers from the fylearn package and some classical
Machine learning classifiers used in this experiment.

TABLE VII
CLASSIFIERES USED IN THE RESISTANCE OF THE CURSE OF

DIMENSIONALITY EXPERIMENT

Label Classifier Reference

FSKM-k NSFS + non-singleton kernel on fuzzy sets this work
FSKM-φ NSFS + kernel on fuzzy sets this work
FPC Fuzzy Pattern Classifier [46]
MEC Multimodal Evolutionary Classifier [47]
FPT Fuzzy Pattern Tree Top-Down Classifier [48]
FRR Fuzzy Reduction Rule Classifier [49]
FPG Fuzzy Pattern Classifier Genetic Alg. [46]
FPTC Fuzzy Pattern Tree Classifier [50]
SVM RBF Support vector machine with RBF kernel -
MLP multilayer perceptron neural network -
C4.5 C4.5 decision tree algorithm -
BagC4.5 Bagging C4.5 -
NB Naive Bayes -
SGD Linear models with stochastic gradient descent -
RF Random forest -

3) Results and discussion: Each plot in Figure 5 shows the
accuracy (y-axis) as a function of the data dimension (x-axis).
Each line represents the accuracy values through the dimension
and, its respective shadow region is the spread due to the
distribution of accuracies from the five-folds of the outer-loop
of the nested cross-validation procedure. We observe that the
proposed FSKM classifiers are more resistant to the curse of
dimensionality than the fuzzy classifiers: FPG, FPC, MEC,
FPT (left plot) FRR, and FPTC (middle plot). Observe in the
middle plot of Figure 5 that the FSKM-k classifier is more
resistant than C4.5, NB, and BagC4.5. Finally, the right plot
of Figure 5 shows that FSKM-k is better than MLP, RF, and
SGD in higher dimensions. Also, FSKM-k is equivalent to
SVM RBF except for two outliers that probably resulted from
a poor parameter choice of random grid search.

D. Resistance to attribute noise

Noise is an inherent characteristic in observational data that
can degrade the performance of models [51]–[53]. Machine
learning models usually model the noise in the predicted vari-
able, for example, by using additive-noise statistical models.
In supervised classification, the task is known as class-noise
classification [51]–[53]. A less studied problem is for machine
learning models to deal with input-noise, a.k.a, attribute-
noise [51]–[53]. We hypothesize that the proposed FSKM are
attribute-noise resistant kernel machines because of the non-
singleton fuzzifier, which is an input noise-rejection filter [1].

1) Datasets and attribute-noise induction methodology:
In this experiment, for each dataset from Table SM-2 we
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Fig. 5. Experimental results for the resistance to the curse of dimensionality. Each line represents the accuracy of a classifier as a function of the data
dimension for a binary classification problem.

constructed eleven versions of them with different increasing
attribute-noise levels. We applied the attribute noise injection
methodology described in [51], i.e., for a noise level of x% and
an arbitrary attribute, we randomly selected x% of the attribute
values and replaced them by uniformly distributed random
values within the attribute’s domain values. We did that for
all the attributes in the dataset, i.e., x% attribute values in the
dataset were corrupted with noise. For this experiment, we
used 0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50 noise levels, which
resulted in 26× 11 = 226 attribute-noise datasets.

2) Experimental design and models: We used nested cross-
validation as mentioned in Section V-B. Further, we used C4.5
Naı̈ve Bayes and BagC4.5 as competing methods because they
are the state-of-the-art for attribute-noise resistant machine
learning models suggested by literature [51]–[53]. Table VIII
shows the models used in this experiment.

TABLE VIII
CLASSIFIERES USED IN THE ATTRIBUTE-NOISE EXPERIMENT

Label Classifier

FSKM-k Sec IV-B
FSKM-φ Sec IV-C
C4.5 C4.5 decision tree algorithm
BagC4.5 Bagging C4.5
NB Gaussian Naive Bayes

3) Classifier comparison using Bayesian tests and discus-
sion of results: Figures 6, SM-1 and 7 shows the Hierarchical
Bayesian test results. The y-axis denotes probabilities, and the
x-axis denotes the noise level. Each color point means the
probability assigned by the Bayesian test for comparing two
classifiers on all the datasets at a particular noise level. The
dashed red line represents the threshold probability of 0.95.
Given the twenty-six datasets, one can conclude that FSKM
is better than another classifier with a probability threshold
of 0.95 and rope=0 (no region of practical equivalence) if its
color point is within the region above the dashed red line. On
the contrary, color points below the dashed red line indicate
that FSKM is not better than the other classifier, or no decision
can be made based on the threshold of 0.95.

The left plot of Figure 6 shows the comparison results
between FSKM-k vs. competing classifiers in terms of the
probabilities: P (FSKM-k � clf), where clf denotes one of
the classifiers: BagC4.5, C4.5, or, NB. From this result, we
conclude that FSKM-k is better than C4.5 and NB classifiers

on all the noise levels. Also, FSKM-k is better than BagC4.5
only at noise-level zero. The right plot of Figure 6 shows
a similar analysis for the FSKM-φ classifier in terms of the
probabilities: P (FSKM-φ � clf). In this case, FSKM-φ is
better than NB in the first seven noise levels and better
than C4.5 at six noise levels. Figure SM-1 shows additional
experiments where we conclude that FSKM-k is better than
SVM RBF, KNN, and MLP in all the eleven noise-levels;
and better than FSKM-φ in all the noise levels greater than
fifteen25.
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Fig. 6. Hierarchical Bayesian test results for the attribute-noise experiment.
Each color point represents the probability given by the test quantifying if
an FSKM classifier is better than competing classifiers on the attribute-noise
classification task. The region above the dashed red line shows the decision
zone based on a threshold of 0.95 probability value.

The left plot of Figure 7 shows the Bayesian test results in
terms of the probability P (FRKM � Bag.C4.5) at rope zero
— all the color points within the region above the dashed
red line indicates the superiority of Bag.C4.5 classifier. We
observe that Bag.C4.5 is better than FSKM-φ for eight noise
levels and FSKM-k for seven noise levels. The right plot
of Figure 7 shows the test results in term of probabilities
P (FRKM = Bag.C4.5) at rope 0.05. Thus, FSKM-k is
equivalent to Bag.C4.5 at noise levels (0,5,10,15,50). FSKM-
φ and Bag.C4.5 are equivalents only at noise levels of (0,5).
Our experiments confirm the reported results in [53] that
Bag.C4.5 is the best classifier for attribute-noise; however,
as we show in Figure SM-2 Bag.C4.5 is a costly procedure
in terms of computational time. The median of the execution
time (middle black line in boxplots) of Bag.C4.5 is almost two

25A similar analysis for FSKM-φ is included in the supplemental material.
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Fig. 7. Hierarchical Bayesian test results for the attribute-noise experiment.
Each color point represents the probability given by the test quantifying if the
BagC4.5 classifier is better (left plot) or equivalent at rope = 0.05 than the
proposed FSKM classifiers. The region above the dashed red line shows the
decision zone based on a threshold of 0.95 probability value.

orders of magnitude greater than the median of the execution
time of FSKM procedures. We conclude that the proposed
FSKM classifiers are attribute-noise resistant machines, have
beaten most of the competitive classifiers at several noise
levels, are equivalent to Bag.C4.5 at lower noise levels, and
are less costly than Bag.C4.5 in terms of computational time26.
Also, although FSKM-k and FSKM-φ have similar behavior
at zero noise levels and are better than most of the competing
classifiers at zero noise level (see the generalization power
experiment in Section V-B), the FSKM-k classifier is more
noise resistant than FSKM-φ for increasing attribute-noise
levels (see additional experiments in Figure SM-1).

VI. CONCLUSIONS

We have presented the first step in studying the connection
between fuzzy inference systems and kernel machines. For
doing that, we used the characterization of the solution of
regularized kernel machines given by the Representer Theorem
and the fuzzy-basis-function (FBF) expansion of non-singleton
Mamdani fuzzy systems (NSFSs). Based on that, we proposed
two novel models: FSKM-k and FSKM-φ. Those models are
kernel machines and fuzzy systems at the same time.

We experimentally verified some of the two-way connection
claims. From the fuzzy systems side, we showed that they: 1)
can be trained by kernel algorithms; 2) have more resistance
to the curse of dimensionality than other fuzzy classifiers; 3)
satisfy the Representer Theorem for kernel machines; 4) learn
functions in RKHS, and 5) explicitly regularized the learned
function. From the kernel perspective, we experimentally ver-
ified that kernel machines: 1) can be applied to fuzzy datasets;
2) can inherit the attribute-noise property of NSFS and; 3) can
have IF-THEN rules by considering its memorized instances to
be the antecedent part of IF-THEN rule antecedents of NSFSs.

As a future topic of research, we leave a more careful anal-
ysis of the role of the IF-THEN rules in the kernel machines
realm. Open questions are: 1) how can those rules help with

26Figures SM-4 and SM-5 from the Supplemental Material show the
complete set of experimental results for the twenty-six datasets with eleven
attribute-noise levels.

the interpretability/explainability of kernel machines? 2) How
can those rules help set priors on the structure of the model
for predicting small data?; 3) How could those rules help to
improve the out-of-sample performance of kernel machines
when the test distribution differs from the training distribution?

Finally, there are also exciting research questions regarding
1) the generalization of the studied connection to other types
of fuzzy systems like Takagi-Sugeno-Kang or type-2 fuzzy
systems; 2) the application of FSKM models in other tasks
like regression and anomaly detection; 3) the use of the
kernel structure beyond the arguments presented in this paper,
e.g., kernel low-rank approximations for rule reduction 4) the
connection with Bayesian approaches as Gaussian processes
models; 5) the link between non-parametric statistical estima-
tors based on non-negative kernels like KDE and fuzzy data.
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